We have investigated a wide range of nonclassical behavior exhibited by a tripartite cavity optomechanical system comprising a two-level atom placed inside a Fabry-Pérot type optical cavity with a vibrating mirror attached to one end. We have shown that the atom's subsystem von Neumann entropy collapses to its maximum allowed value over a significant time interval during dynamical evolution. This feature is sensitive to the nature of the initial state, the specific form of intensitydependent tripartite coupling, and system parameters. The extent of nonclassicality of the field is assessed through the Mandel Q parameter and Wigner function. Both entropic and quadrature squeezing properties of the field are quantified directly from optical tomograms, thereby avoiding tedious state reconstruction procedures.
I. INTRODUCTION
In recent years, the dynamical behavior of optomechanical systems has attracted considerable attention (see, for instance, [1, 2] ). In cavity optomechanics, the basic model involves the interaction between the optical field contained in a cavity and a mechanical oscillator whose motion is due to the radiation pressure. Controlling the dynamics of a quantum oscillator in this manner has found interesting applications in the detection of gravitational waves [3, 4] , high precision measurements of masses and the weak force [5] [6] [7] , the processing of quantum information [8] , cooling mechanical resonators very close to their quantum ground states [9] [10] [11] [12] , and examining the transition between classical and quantum behavior of a mechanical system [13, 14] .
In contrast, levitated optomechanics, where the cavity is dispensed with and a nano-particle is subjected to radiation pressure, provides an excellent platform for minimising dissipation effects. Interesting results from a series of experiments on such a system have been reported in the literature, including reconstruction of the Wigner function of the particle [15] and tracking of the rotational and translational dynamics of an anisotropic particle [16] .
Theoretical investigations on the entanglement dynamics exhibited in cavity optomechanics have been carried out on a variety of these systems. In an atomic ensemble surrounded by a high-finesse optical cavity with an attached vibrating mirror, both bipartite and tripartite entanglements have been investigated in experimentally accessible parameter regimes [17] . A modified version comprises a single two-level atom placed inside the cavity to which a vibrating mirror is attached at one end. In this case tripartite entangled states have been examined. In Ref. [18] , for instance, an initial factored product state * pradip@physics.iitm.ac.in † slbala@physics.iitm.ac.in ‡ vbalki@physics.iitm.ac.in of a single photon, the first excited state of the oscillator and the excited state of the atom has been shown to transform to a Greenberger-Horne-Zeilinger (GHZ)-like entangled state at a subsequent instant. The occurrence of sudden entanglement birth and death during dynamical evolution has been noted, and the effect of dissipation has been studied. The manner in which the degree of atomic coherence, the coupling strengths and system parameters can be exploited to control entanglement in the absence of dissipation has been reported in [19] . An extension of this model has been studied in [20] , to examine the interaction of a V -type atom with a two-mode quantized field. The possibility of strong coupling between the quantized motion of a mechanical oscillator and a multi-level trapped atom, both initially close to their respective ground states in a cavity optomechanical set-up, has been considered in [21] . The role of dissipation in a strongly-coupled field-atom system has been examined in [22] . Almost all of these investigations have been carried out for unentangled initial states with the field in a specific photon number state.
A new dimension to these investigations arises with the incorporation of an intensity-dependent coupling (IDC). The effect of a nonlinear tripartite field-atom-oscillator coupling term of the form (1 − † are the oscillator ladder operators) on the system dynamics has been analysed in [9] . This particular form of coupling is attributed to the spatial field-mode structure at the position of the two-level atom inside the cavity. The role played by different forms of IDCs in more general settings of fieldatom interactions has also been examined. These include couplings of the form (a † a) 1/2 [23] , (a † a) −1/2 [24] and (1 + κ a † a) 1/2 [25] where the parameter κ takes values in the range [0, 1], and a, a † are field ladder operators. This last form of intensity dependence is interesting from a group-theoretic point of view. There is an underlying algebraic structure for the field operators associated with this particular functional form of the coupling. Two limiting cases are of particular interest: the case κ = 0 which reduces to the Heisenberg-Weyl algebra for the field operators, and the case κ = 1 which leads to the SU(1, 1) algebra for nonlinear combinations of these operators [26] ; intermediate values of κ correspond to a deformed SU(1, 1) operator algebra.
In [25] , this last form of IDC between a V or Λ atom and two radiation fields (that mediate allowed transitions between the two pairs of atomic states) has been shown to lead to the occurrence, during dynamical evolution, of a bifurcation cascade that is very sensitive to the precise value of κ. More significantly, it enables collapse of a specific bipartite entanglement to a non-zero value over a significant time interval during the system's temporal evolution. In view of the fact that it is possible to minimise dissipation effects in optomechanics, it would be very useful to identify the occurrences of such collapses of entanglement to constant non-zero values in optomechanical systems. Accordingly, we undertake in this paper a detailed investigation of the role played by various forms of intensity-dependent couplings in a generic model of cavity optomechanics.
A novel feature we find is the following: for specific experimentally accessible parameter values, the effective bipartite entanglement collapses to its maximum possible value over a substantial time interval. The degree of entanglement as quantified by the subsystem von Neumann entropy (SVNE) S i = −Tr [ρ i ln ρ i ] (where i is the subsystem label) corroborates this collapse property. This feature also manifests itself in the dynamics of the mean photon number N , the corresponding variance, and the Mandel parameter Q = N −1 (∆N ) 2 − 1. (Q < 0 signifies sub-Poissonian statistics or nonclassicallity of the field.)
We have also analysed, quantitatively, the squeezing properties of the cavity field. This has been carried out directly from the optical tomogram of the field, circumventing explicit state reconstruction, and thereby minimising statistical errors that are inevitable during reconstruction. Optical tomograms are essentially histograms obtained from homodyne measurements of a quorum of observables [27, 28] . In principle, the optical tomogram contains all the information about the system, and is an alternative representation of the quantum state [29] . The advantage of this approach is borne out by several investigations in recent years involving optical tomography. These include: the identification of squeezed light and other nonclassical states of light [30, 31] ; obtaining qualitative signatures of revivals and fractional revivals of the initial state of a system with a nonlinear Hamiltonian [32, 33] ; and determining whether a bipartite state is entangled at the output port of a quantum beamsplitter for a specific choice of input states [34, 35] , directly from the relevant tomogram. We examine both the quadrature and tomographic entropic squeezing properties of the field states and report results on the crucial role played by various forms of IDC on the degree of squeezing.
The plan of the rest of this paper is as follows. In Section II we describe the physical model studied. In Section III we investigate, in detail, the dynamics of entanglement as exhibited in the SVNE of various subsystems, the effect of different forms of IDC on the SVNE, the nonclassicality of the field as displayed in the Mandel Q parameter, and the field Wigner functions at appropriate instants of time. In Section IV, we examine the dynamics of both quadrature and entropic squeezing properties of the field from optical tomograms. The final section is devoted to a few brief concluding remarks. Some relevant technical details of the calculations are outlined in a set of appendices. In Appendix A, the procedure for obtaining an effective Hamiltonian for the system under consideration is sketched. Expressions for the state vector corresponding to the total system and the subsystem density matrices are derived in Appendix B. The key steps in the derivation of the Wigner density of the field are indicated in Appendix C.
II. THE TRIPARTITE CAVITY OPTOMECHANICAL MODEL
The system comprises a two-level atom placed inside a Fabry-Pérot type optical cavity with a vibrating mirror attached to one end (figure 1). The mirror is modelled as a quantum harmonic oscillator. The model Hamiltonian (setting = 1) is given by 
Here a † , a and b † , b are, respectively, the creation and annihilation operators of the cavity mode with frequency ω and the mirror-oscillator unit with frequency ω m .
is the optomechanical coupling coefficient, where L and m are the length of the cavity and the mass of the mirror. σ z = |e e| − |g g|, σ + = |e g| and σ − = |g e|, where |e and |g are, respectively, the excited and ground states of the atom. ω 0 is the atomic transition frequency and Ω is the fieldatom coupling constant. In our analysis, we have used the resonance condition ω = ω 0 + ω m . The real-valued function f (N ) (where N = a † a) incorporates field-atom intensity-dependence.
As shown in Appendix A, an effective Hamiltonian H eff for this system can be obtained from H in the limit ω m G, Ω. It is given by
Note the emergence in H eff of (a) the intensity-dependent tripartite interaction between the atom, field and mirror (the terms proportional to f (N ) on the right-hand side), and (b) the Kerr nonlinearity in H eff (the last term on the right-hand side), although neither of these features is explicit in H. We start with an unentangled initial state of the system that is a direct product of the following states: (i) the field in a general superposition ∞ n=0 l n |n of photon number states |n (in contrast to [19] ); (ii) the mirror in the oscillator ground state |0 ; and (iii) the atom in an arbitrary superposition (cos φ |e + sin φ |g ). Thus
l n (cos φ |n; 0; e + sin φ |n; 0; g ),
in an obvious notation. Solving the Schrödinger equation in the interaction picture, the state of the system at any instant of time is given by
where explicit expressions for the coefficients A n (t), B n (t), C n (t) and for the subsystem density operators are given in Appendix B.
III. ENTANGLEMENT DYNAMICS
Let us now apply the foregoing to the case when the initial state of the field is a coherent state (CS) |α (α ∈ C), so that l n = exp (−|α| 2 /2) (n!) −1/2 α n . As we shall see, the dynamics is very sensitive to the specific form of the intensity dependence f (N ) of the tripartite coupling. Interesting features are exhibited by the entanglement (as characterized by the SVNE), squeezing properties, and the Wigner functions at specific instants of time.
In the investigations that follow, we choose experimentally realizable values of the relevant parameters. The typical cavity length L is of the order of µm. Experiments have been carried out [36] with cesium atoms passing through a cavity of length L = 10 µm, with atomic transition (6S 1/2 , F = 4, m F = 4 −→ 6P 3/2 , F = 5, m F = 5) and ω ∼ 10 14 Hz. Further, in such a set-up the mass m of the oscillator is of the order of 10 −17 kg, and the corresponding oscillator frequency ω m is of the order of 10 9 Hz [37] . From this it follows that the value of the optomechanical coupling coefficients G is 10 6 Hz, which is much smaller than the value of ω m . The resonance condition ω = ω 0 +ω m is satisfied. Further, the coupling Ω between the atom and the cavity depends on the atomic position r through the relation Ω = Ω 0 exp(−r 2 /w 2 0 ), with the maximum value of the vacuum-Rabi frequency Ω 0 = 2π × 120 MHz and the waist of the cavity mode w 0 ≈ 15µm [36] . Hence, by adjusting r, the value of Ω can be set to be close to that of G. We examine two possibilities here, namely, (a) G = Ω and (b) G = √ 2 Ω. The latter choice is considered in order to examine whether qualitative features of the system dynamics are sensitive to changes in the ratio G/Ω, because it has been reported earlier [19] that the dynamics of the subsystem entropy is qualitatively different for these two values of the ratio concerned. We have examined in the following sections the manner in which both entropic and quadrature squeezing depend on the value of G/Ω during dynamical evolution. Since G and Ω are comparable in their numerical values, the effective frequency ( (2)) is given by (G 2 /ω m ). It is therefore natural to examine the dynamics in terms of the dimensionless time variable τ = (G 2 /ω m )t.
A. Intensity-independent tripartite coupling
We consider first an intensity-independent tripartite coupling, which corresponds to setting f (N ) = 1. In figures 2(a)-(f), the SVNE for the atom (S a ), mirror (S m ) and field (S f ) are plotted as functions of τ , for Ω = 10 6 . Two points are noteworthy. First, for φ = 1 2 π, even for a small value of α (e.g., α = 1), S a equals unity at specific instants of time ( figure 2(a) ). This is the maximum allowed value of the SVNE for a two-level atom. More importantly, with an increase in α, this value remains constant over a long time interval ( figure 2(b) ). It follows from (B10)-(B12), (B18) and (B19) that for φ = 1 2 π, the dynamics of S a and S m are identical. However, for other values of φ (e.g., 1 4 π), S a does not collapse to a constant value over a significant time interval for any value of α (figures 2(a), (b) ). In contrast, the SVNE for the oscillator subsystem collapses to a non-zero value (< 1) over a significant time interval for sufficiently large α and for φ = 1 4 π ( figure 2(d) ). This allows for the possibility of tuning the values of α and φ to retain entanglement collapse over long time intervals. This could be potentially useful in quantum information transfer.
We have also verified that a further enhancement of the interval over which such collapses occur is possible if we consider an initial field state |α, m (m = 1, 2, . . . ), the m-photon added coherent state instead of a standard CS. |α, m is obtained [38] by normalizing the state (a † ) m |α to unity. The set {|α, m } provides a family of states whose departure from coherence is precisely quantifiable. We have verified that increasing m increases the collapse interval.
No distinctive collapse in entanglement is seen in the field SVNE S f for any value of α and φ. Unlike S a and S m , the largest value of S f corresponds to φ = In contrast to the foregoing, when Ω is reduced to the value 10 6 / √ 2, relatively long-time-interval collapses of the SVNE to a non-zero value are observed for sufficiently large values of α for both φ = . We see sub-Poissonian signatures (negative values) of Q in all cases. However, for smaller α, these are more prominent. We have verified that these features are also reflected in the dynamics of the mean photon number, its variance and the atomic inversion parameter.
B. Intensity-dependent tripartite coupling
The results presented in the foregoing enable us to infer that entanglement collapses of SVNE to non-zero values over a long time interval are present only for sufficiently large values of α. We now examine how various forms of IDC affect the collapse intervals of S a and S m .
We find that, when f (N ) = (a † a) −1/2 collapses are destroyed, while for f (N ) = (a † a) 1/2 the collapse intervals are reduced, compared to the intensity-independent situation. For f (N ) = (1+κ a † a) 1/2 (0 < κ ≤ 1), an increase in κ decreases the interval of collapse, but increases the number of collapses within a given time interval. Figures  5(a)-(c) show contour plots of the SVNE as a function of τ and the IDC parameter κ.
We now compare these results with those obtained for a Λ atom interacting with a coupling field and a probe field [25] . In both systems, the SVNE collapses to a constant non-zero value over a significant interval of time in the absence of intensity-dependent field-atom coupling, and the dynamics is very sensitive to the value of the parameter κ. In the latter system, an increase in κ produced a spectacular bifurcation cascade in the qualitative behaviour of the SVNE. While such remarkable changes do not appear in the present model, there are still distinctive features in the SVNE that are controlled by the precise value of κ ( figures 5(a)-(c) ). Additionally, in the case at hand, the SVNE collapses to its maximum possi- Finally, we observe in passing that for f (N ) = (a † a) −1/2 (and Ω = 10 6 ), the Q parameter for the field does not become negative over the time interval considered for any value of α and φ, in contrast to its behaviour for
C. Wigner functions of the field
The nonclassical nature of the field at various instants of time is reflected in the negativity of the Wigner functions at those instants. We have derived an expression for the Wigner distribution W f (α) (α = α 1 + i α 2 ) in Appendix C. For the generic state given in (4), we have
with the identification 
IV. THE OPTICAL TOMOGRAM AND SQUEEZING PROPERTIES OF THE FIELD A. The optical tomogram
We now examine the squeezing of the state of the field subsystem as the full system evolves in time. It is useful to carry out this analysis in terms of the optical tomogram ω(X θ , θ) of the field, because the nonclassical properties of the field are conveniently reflected in this quantity: ω(X θ , θ) is just the Radon transform of the Wigner function W (p, q) derived in Appendix C. It is defined as
dq dp 2π ,
where I is the identity operator, and
is the homodyne quadrature operator expressed in terms of the photon destruction and creation operators. We have X θ |X θ , θ = X θ |X θ , θ , where
We make use of the fact that ω(X θ , θ) = X θ , θ| ρ f |X θ , θ .
It follows that, for a state |ψ = ∞ n=0 c n |n ,
(H n is the Hermite polynomial of order n.) In what follows, (10) will be used extensively for numerically estimating the squeezing properties of the field from the tomogram. The generic tomogram is pictorially represented as an intensity plot of ω(X θ , θ) versus X θ and θ. In figure 7 (a) we present the tomogram of an initial CS with α = 5. In contrast to this, the tomograms at later times are significantly more complex in appearance: this is illustrated, for the sake of completeness, in figures 7(b-d). These tomograms correspond to the Wigner functions at the instants specified in figures 6(a-c) . 
B. Entropic and quadrature squeezing
The tomographic entropy S(θ) for a subsystem, defined as
satisfies the entropic uncertainty relation (EUR) [39] 
at every instant of time. A state with entropy in either quadrature (θ or θ + 1 2 π) less than 1 2 ln (πe) displays entropic squeezing in that quadrature. The optical tomogram ω(X θ , θ) is non-negative, and satisfies ω(X θ , θ) dX θ = 1. Hence, we can calculate the moments of the quadrature operators from ω(X θ , θ) in a straightforward manner. For any specific value of θ, we have
For Ω = 10 6 and θ = 0, for instance, the tomographic entropy is squeezed for α = 1 although only at a few instants ( figure 8(a) ). With an increase in the value of α, the extent of squeezing does not significantly change (compare figures 8(a), (b) ). Variances in quadrature operators are also not significantly squeezed for these values of the parameters, except at a few instants (figures 8(c), (d)). In contrast, for Ω = 10 6 / √ 2, the tomographic entropy exhibits more squeezing during the time interval considered (figures 9(a)-(b) ).
For completeness, we report that over the same interval of time (0 ≤ τ ≤ 10) and f (N ) = (a † a) 1/2 , the state and less frequently for Ω = 10 6 / √ 2 as α is increased. For f (N ) = (a † a) −1/2 , the frequency with which squeezing occurs increases with increasing α for both values of Ω.
For f (N ) = (1 + κ a † a) 1/2 (0 ≤ κ ≤ 1) and over the same time interval, there is a remarkable difference in the qualitative behaviour in the dynamics of both the tomographic entropy (figures 10(a)-(d) ) and the quadrature observables. In particular, squeezing properties are very sensitive to the value of κ, and even small changes in κ lead to substantial changes in them. This is evident in the case of entropic squeezing where for a sufficiently high value of α, the extent of squeezing varies significantly with κ (figures 10(b), (d) in which the tomographic entropy is plotted against time for Ω = 10 6 ). Such sensitive dependence on κ is not observed for Ω = 10 6 / √ 2.
V. CONCLUDING REMARKS
We have investigated, in some detail, the dynamics of the subsystem von Neumann entropy for the differ- ent subsystems of a generic optomechanical model. We have established that the SVNE of the atom collapses to its maximum allowed value over a significant interval of time, as opposed to sudden death of entanglement. This novel feature is potentially useful in harnessing entanglement protocols. We have explored experimentally viable parameter regimes and examined how different intensity-dependent couplings affect the nonclassical nature of the radiation field. We have assessed the extent of nonclassicality of the cavity field during time evolution through the Mandel Q parameter, the Wigner functions and the corresponding optical tomograms. Finally, we have quantified entropic and quadrature squeezing properties directly from the field tomograms, thus by-passing inherently error-prone state reconstruction methods. It is hoped that our study provides pointers to several aspects of the dynamical behaviour of a variety of optomechanical systems.
Dropping the subscript I and using the resonance condition ω = ω m + ω 0 , we get, in terms of interaction picture operators,
As is well known, in coarse-grained dynamics in which rapidly oscillating terms are neglected in the rotatingwave approximation, a generic Hamiltonian of the form
can be recast into an effective Hamiltonian of the form [40] H eff = where the coefficients A n , B n , C n have the time dependences indicated in (B10)-(B12).
